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Abstract
The most precise to-date evaluation of the nuclear recoil effect on the n = 1 and n = 2 energy levels
of He-like ions is presented in the range Z = 12 − 100. The one-electron recoil contribution is calculated
within the framework of the rigorous QED approach to first order in the electron-to-nucleus mass ratiom/M
and to all orders in the parameter αZ . The two-electron m/M recoil term is calculated employing the
1/Z perturbation theory. The recoil contribution of the zeroth order in 1/Z is evaluated to all orders in αZ ,
while the 1/Z term is calculated using the Breit approximation. The recoil corrections of the second and
higher orders in 1/Z are taken into account within the nonrelativistic approach. The obtained results are
compared with the previous evaluation of this effect [A. N. Artemyev et al., Phys. Rev. A 71, 062104
(2005)].
PACS numbers: 31.30.J-, 12.20.Ds
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INTRODUCTION
Highly charged ions provide a unique opportunity to probe the methods of quantum electro-
dynamics (QED) in presence of strong electromagnetic fields induced by heavy nuclei. To date,
the most stringent tests of the QED effects on the binding energies of heavy few-electron ions are
associated with the Lamb shift measurements in hydrogenlike and lithiumlike uranium ions [1–5]
(for the related theory, see Refs. [6, 7] and references therein). However, these results alone are
not sufficient for the full-fledged comparison between theory and experiment, especially in view of
a systematic discrepancy between the theoretical predictions and experimental data that has been
claimed recently for middle-Z heliumlike ions [8]. To date, the most accurate calculation of the
n = 1 and n = 2 energies in heliumlike ions was performed in Ref. [9]. Compared to the previous
evaluations of the binding energies in He-like ions [10–14], the calculation by Artemyev et al. [9]
included all two-electron Feynman diagrams up to the second order of the QED perturbation the-
ory in the fine structure constant α without an expansion in the parameter αZ. The theoretical
predictions of this work are in agreement with a number of the experimental results (see, e.g., cor-
responding references and comparison of theory and experiment in Refs. [9, 15–23]). However,
on the grounds of new sensitive measurements with heliumlike titanium (Z = 22) and a statistical
analysis of all the data available in literature, Chantler et al. [8] have claimed that there exists
a systematic discrepancy between theory and experiment, which behaves approximately as Z3.
Therefore, in addition to new measurements of the transition energies in He-like ions, further im-
provements of the theoretical predictions are very desirable. With this paper, we start systematic
revision and improvement of the calculations presented in Ref. [9]. Namely, we perform the most
accurate evaluation of the nuclear recoil corrections to the n = 1 and n = 2 energy levels in
He-like ions in the range Z = 12− 100.
Relativistic units (~ = c = 1) are used in the paper.
BASIC FORMULAS
In this paper the calculations of the nuclear recoil corrections to the binding energies of highly
charged He-like ions are performed using perturbation theory in the parameter 1/Z. In the jj cou-
2
pling, the unperturbed wave function can be written as
ui(x1,x2) = AN
∑
mi1mi2
〈 ji1mi1ji2mi2 | JMJ 〉
∑
P
(−1)PψPi1(x1)ψPi2(x2) , (1)
where ψk(x) are one-electron Dirac wave functions, P is the permutation operator, (−1)P is the
permutation parity, AN is the normalization factor equal to 1/
√
2 for non-equivalent electrons and
to 1/2 for equivalent electrons, J is the total angular momentum, andMJ is its projection. In the
simplest case of a one-determinant wave function, we have
ui(x1,x2) =
1√
2
∑
P
(−1)PψPi1(x1)ψPi2(x2) . (2)
The fully relativistic theory of the nuclear recoil effect in atoms can be formulated only within
the framework of quantum electrodynamics [24–28]. The recoil effect on the binding energy of
a He-like ion is given by a sum of one-electron and two-electron parts. The one-electron part is
obtained by summing the one-electron recoil contributions for both electrons. These contributions
to first order in the electron-to-nucleus mass ratio m/M , to zeroth order in α, and to all orders
in αZ, are conveniently represented by a sum of low-order and higher-order terms,∆E = ∆EL +
∆EH, where [24]
∆EL =
1
2M
〈a|
[
p2 − αZ
r
(
α+
(α · r)r
r2
)
· p
]
|a〉 (3)
∆EH =
1
M
i
2pi
∫
∞
−∞
dω 〈a|
(
D(ω)− [p, V ]
ω + i0
)
G(ω + εa)
(
D(ω) +
[p, V ]
ω + i0
)
|a〉 . (4)
Here p = −i∇ is the momentum operator, V (r) = −αZ/r is the Coulomb potential of the
nucleus, |a〉 is the Dirac wave function ψa(x) for the potential V (r), εa is the corresponding Dirac
energy, G(ω) =
∑
n |n〉〈n|[ω − εn(1 − i0)]−1 is the Dirac-Coulomb Green function, Dk(ω) =
−4piαZαlDlk(ω),
Dlk(ω, r) = − 1
4pi
{
exp (i|ω|r)
r
δlk +∇l∇k (exp (i|ω|r)− 1)
ω2r
}
(5)
is the transverse part of the photon propagator in the Coulomb gauge, α is a vector of the Dirac
matrices, and the summation over the repeated indices is implied. In Eq. (4) and below the scalar
product is implicit. The low-order term can be derived from the relativistic Breit equation, while
the derivation of the higher-order term requires using QED beyond the Breit approximation. For
this reason, we refer to them as the non-QED and QED one-electron contributions, respectively.
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For the case of a one-determinant wave function constructed from the Dirac bispinors ψa(x)
and ψb(x), the two-electron recoil contribution to zeroth order in 1/Z is given by [25]
∆E(2el) =
1
M
∑
P
(−1)P 〈Pa|[p−D(εPa − εa)]|a〉〈Pb|[p−D(εPb − εb)]|b〉 . (6)
The transition to the general case of a many-determinant function (1) causes no problem and can
be done in the final expression for the energy shift. For quasidegenerate (1s2p1/2)1 and (1s2p3/2)1
states one has to construct a matrix H , which plays the role of the Shro¨dinger-like Hamiltonian
acting in the space of the corresponding unperturbed states [29]. The matrix elements of the recoil
contribution between the one-determinant wave functions ui and uk with the unperturbed energies
E
(0)
i = εi1 + εi2 and E
(0)
k = εk1 + εk2 read as
H2elik =
1
2M
∑
P
(−1)P
{
〈Pi1|
[
p−D(∆1)
] |k1〉〈Pi2| [p−D(∆1)] |k2〉
+〈Pi1|
[
p−D(∆2)
] |k1〉〈Pi2| [p−D(∆2)] |k2〉
}
, (7)
where∆1 = εPi1 − εk1 and∆2 = εPi2 − εk2 . The summation over the angular momentum projec-
tions with the Clebsch-Gordan coefficients in Eq. (7) in order to obtain the states with the given
total angular moment J is also straightforward. The derivation of the formula (7) is similar to the
derivation of the expression for the one-photon exchange contribution in the case of quasidegen-
erate levels, see, e.g., Refs. [9, 29].
To evaluate the two-electron contributions of the first and higher orders in 1/Z, one can use the
effective two-electron recoil operator,
HM =
1
2M
∑
i,k
[
pi · pk − αZ
ri
(
αi +
(αi · ri)ri
r2i
)
· pk
]
, (8)
which is obtained as a sum of the low-order one-electron operator (3) and the zero-energy-transfer
limit of the expression (6), omitting the term with twoD operators, which contributes to the higher
orders. The operator (8) can be also derived by reformulating Stone’s theory [30]. Within the
lowest-order relativistic (Breit) approximation the recoil effect on the binding energy to the first
order in m/M can be evaluated by averaging the operator (8) with the wave functions obtained
from the Dirac-Coulomb-Breit Hamiltonian. Nowadays, the Hamiltonian HM is widely used in
relativistic calculations of the isotope shifts (see, e.g., Refs. [31–38] and references therein). In the
next section, it will be used to evaluate the 1/Z contribution to the recoil effect in the framework
of the Breit approximation.
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NUMERICAL CALCULATIONS
For the point nucleus case, the low-order one-electron term ∆EL can be evaluated analyti-
cally [24]:
∆E
(p.n.)
L =
m2 − ε2
2M
, (9)
where ε is the Dirac energy. The higher-order one-electron (QED) contribution ∆EH was eval-
uated numerically for point nuclei in Refs. [28, 39, 40]. The formulas (3) and (4) can also be
employed for calculations which partially account for the nuclear size correction to the recoil ef-
fect. This can be done by replacing the pure Coulomb potential of the nucleus V = −αZ/r with
the potential of an extended nucleus. These calculations were carried out for 1s and 2s states in
Refs. [41, 42]. In the present paper, we have performed the corresponding calculations of the low-
and higher-order terms for one-electron 1s, 2s, 2p1/2, and 2p3/2 states using the Fermi model for
the nuclear charge distribution. The nuclear charge radii were taken from Refs. [43, 44]. The
summations over intermediate electron states have been performed using the dual-kinetic-balance
finite basis set method [45] with the basis functions constructed from B-splines [46]. The results
of the calculations, expressed in terms of the function A(αZ),
∆E = (αZ)2
m2
M
A(αZ) , (10)
are presented in Table I. For 1s and 2s states, the obtained results agree with the previous calcula-
tions [41, 42] but have a higher accuracy for heavy ions, especially in case of 2s state. The rigorous
treatment of the finite nuclear size correction to the recoil effect is presently accessible only within
the framework of the Breit approximation [47–49]. The correction δA
(NS,add)
L , which determines
the difference between the exact treatment of the nuclear size correction to the low-order recoil
effect and its evaluation by formula (3) with the extended nucleus potential [49], is also shown in
Table I. The uncertainty of the total one-electron contribution, presented in the table, is due to the
approximate treatment of the nuclear size effect on the QED recoil contribution. It is estimated as
a product of the relative value of the corresponding correction within the Breit approximation and
the QED term.
To zeroth order in 1/Z, the two-electron recoil contribution is evaluated to all orders in αZ
according to formula (6) and its generalization for quasidegenerate states (7). Performing the
summation over the angular momentum projections in Eqs. (6) and (7), one can derive the follow-
ing relation between the two-electron recoil contributions for (1s2p1/2)0 and (1s2p1/2)1 states in
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He-like and (1s2)2p1/2 state in Li-like ions
∆E
(2el)
(1s2)2p1/2
= ∆E
(2el)
(1s2p1/2)0
= 3∆E
(2el)
(1s2p1/2)1
. (11)
The analogous relation takes place for the levels involving 2p3/2 electron,
∆E
(2el)
(1s2)2p3/2
= ∆E
(2el)
(1s2p3/2)2
= −3∆E(2el)(1s2p3/2)1 . (12)
In Eqs. (11) and (12), ∆E
(2el)
(1s2p1/2)1
and ∆E
(2el)
(1s2p3/2)1
denote the corresponding diagonal matrix
elements of the operator (7). The two-electron recoil contribution to zeroth order in 1/Z can be
divided into two parts: the main part which corresponds to the zero-energy-transfer limit, given by
the operator (8), and the frequency-dependent correction, which also incorporates the term with
two operators D in Eqs. (6) and (7). The related contributions, expressed in terms of the function
A(αZ) defined by equation (10), are presented in the second and third columns of Table II. For
the two-electron recoil contribution the αZ expansion for the function A(αZ) reads as
A(2el)(αZ) = a0 + a2(αZ)
2 +∆A(2el)(αZ) . (13)
For comparison, in the last column of Table II we list the αZ-expansion results, a0+a2(αZ)
2, ob-
tained analytically for the point nucleus case in Ref. [31]. It is surprising that, while the frequency-
dependent part, which contributes beyond this order, is very significant for heavy ions, the com-
plete αZ-dependent results A(2el)(αZ) are rather close to the αZ-expansion results a0 + a2(αZ)
2,
used in Ref. [9]. In order to illustrate this fact, we present the corrections ∆A(2el)(αZ) to the
two-electron recoil contributions for (1s2p1/2)0 and (1s2p3/2)2 states and for the off-diagonal ma-
trix element between (1s2p1/2)1 and (1s2p3/2)1 states in Figs. 1, 2, and 3, respectively. The total
higher-order corrections, which are shown with solid lines, are obtained by summing the higher-
order Breit corrections resulting from the calculations with the operator (8) (dashed lines) and
the corrections due to the frequency-dependent terms with one and two D operators (dotted and
dash-dotted lines, respectively). From Figs. 1-3 it is seen that there is a cancellation between the
different terms, which is especially pronounced for (1s2p1/2)0 state and for the off-diagonal ma-
trix element. From Figs. 1-3 it follows also that in the region Z . 40 the higher-order corrections
∆A(2el)(αZ) divided by (αZ)4 are almost constant, excepting the case of the total contribution for
the off-diagonal matrix element for which the corresponding term crosses zero. It means that the
dominant contribution to ∆A(2el)(αZ) comes from the (αZ)6m2/M term,
∆A(2el)(αZ) = a4(αZ)
4 + . . . . (14)
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The coefficient a4 is known analytically for the term with twoD operators in the case of (1s
2)2p1/2
and (1s2)2p3/2 states in Li-like ions [39, 40]. We note that in Ref. [40], due to a misprint, the co-
efficient a4 is presented with the opposite sign. For all other higher-order corrections shown in
Figs. 1-3 the coefficients have been obtained by fitting our numerical results. The calculated coef-
ficients for (1s2p1/2)0 and (1s2p3/2)2 states and for the off-diagonal matrix element are presented
in Table III. The corresponding coefficients for (1s2p1/2)1 and (1s2p3/2)1 states and for Li-like
ions can be obtained with the use of Eqs. (11) and (12). We note that even for Z = 50 the term
a4(αZ)
4 provides the dominant correction. For instance, the total two-electron recoil contribu-
tion for (1s2p1/2)0 level evaluated using the αZ expansion up to the order (αZ)
6m2/M equals
to −0.07285, while the all-order value is −0.07282. Nevertheless, the αZ-expansion results play
only a supporting role in the present consideration to zeroth order in 1/Z, since the complete
αZ-dependent calculation is performed.
The recoil contribution of the first order in 1/Z has been calculated by perturbation theory
within the lowest-order relativistic approximation using the operator (8) and the standard expres-
sion for the interelectronic-interaction operator valid to this order. This operator being the sum of
the Coulomb and Breit electron-electron interaction operators reads as
Vij = e
2αρiα
σ
jDρσ(0, rij) = V
C
ij + V
B
ij
=
α
rij
− α
2
[
αi ·αj
rij
+
(αi · rij)(αj · rij)
r3ij
]
(15)
where the indices i and j enumerate the atomic electrons. The summations over intermediate
electron states, which are restricted to the positive-energy part of the Dirac spectrum, have been
performed using the DKB finite basis set method with the basis functions constructed from B-
splines. The results of the calculations, expressed in terms of the function B(αZ),
∆E =
(αZ)2
Z
m2
M
B(αZ) , (16)
are presented in Table IV. For comparison, we present also the nonrelativistic results correspond-
ing to the limit B(0) and the difference between the relativistic and nonrelativistic data. The
nonrelativistic values were obtained using the 1/Z-expansion coefficients from Refs. [10, 50, 51].
For the ions under consideration (Z = 12−100), the recoil corrections of the second and higher
orders in 1/Z can be taken into account within the nonrelativistic approximation by summing the
related contributions to the normal and specific mass shifts. The normal mass shift was calculated
as −(m/M)∆E2ph, where ∆E2ph is the two-photon exchange contribution to the binding energy
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FIG. 1: The two-electron m/M recoil contribution of sixth and higher orders in αZ (∼ (αZ)6+m2/M )
for (1s2p1/2)0 state. The dashed line represents the higher-order correction (in αZ) to the main term cor-
responding to the operator (8). The dotted line shows the frequency-dependent correction to the term with
one D operator in Eq. (7). The dash-dotted line indicates the contribution of the term with two operators
D in Eq. (7). Finally, the solid line stands for the total higher-order correction to the two-electron recoil
contribution. All the contributions are presented in terms of the function∆A(2el)(αZ), see Eq. (13), divided
by (αZ)4.
evaluated within the Breit approximation. The specific mass shift was calculated employing the
1/Z-expansion coefficients from Ref. [10]. These corrections, which are very small, have been
added to the total low-order results presented below.
In Table V we present the total values of the nuclear recoil contributions to the binding and ion-
ization energies in He-like ions in the range Z = 12− 100. The results for the ionization energies
are obtained by subtracting the recoil contributions for the 1s state from the total nuclear recoil
contributions to the binding energies. In Table V the QED term includes only the higher-order
one-electron contribution. All other contributions, including the frequency-dependent correction
to the two-electron recoil part of zeroth order in 1/Z, are referred as non-QED terms here. The
electron-to-nucleus mass ratios were taken from the Ame2012 compilation [52]. The uncertainty
is obtained as a sum of two contributions. The first one is due to the approximate treatment of the
8
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FIG. 2: The two-electron m/M recoil contribution of sixth and higher orders in αZ (∼ (αZ)6+m2/M )
for (1s2p3/2)2 state. Notations are the same as in Fig. 1.
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FIG. 3: The two-electron m/M recoil contribution of sixth and higher orders in αZ (∼ (αZ)6+m2/M )
for the off-diagonal matrix element. Notations are the same as in Fig. 1.
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finite nuclear size effect on the one-electron QED recoil contribution. This uncertainty is estimated
as described above. The second uncertainty is due to uncalculated QED recoil corrections of the
first order in 1/Z. It was estimated as a sum of the one-electron QED correction divided by Z
and the relativistic recoil correction of the 1/Z order (the last column in Table IV) multiplied by a
factor αZ. For comparison, we give also the values of the recoil effect on the ionization energies
obtained in Ref. [9]. Compared to Ref. [9], our calculations include a more accurate treatment of
the one-electron recoil contribution, the complete αZ-dependent calculation of the two-electron
recoil contribution of zeroth order in 1/Z, and the calculation of the relativistic correction to the
1/Z recoil term. In contrast to Ref. [9], we indicate explicitly the uncertainties of the total results.
It can be seen that in the region Z ≤ 40, where the systematic discrepancy between theory and
experiment was announced [8], the obtained results coincide with those from Ref. [9] almost to
all indicated digits. Some differences between the present results and those from Ref. [9], which
occur for heavy ions, are much smaller than the total theoretical uncertainties of the ionization
energies given in Ref. [9].
CONCLUSION
In this paper we have evaluated the nuclear recoil effect on the binding energies in highly
charged He-like ions. The calculations included the m/M one-electron recoil contribution in the
framework of the rigorous QED formalism and the two-electron recoil contribution within the
framework of the Breit approximation, with taking into account the frequency-dependent correc-
tion to zeroth order in 1/Z. The estimated uncertainties are due to the approximate treatment of
the finite nuclear size correction to the QED recoil effect and uncalculated QED recoil corrections
of the first order in 1/Z. The obtained results agree with the previous calculations [9] but have a
better accuracy. Thus, the recoil effect can not be responsible for the discrepancy between theory
and experiment claimed in Ref. [8].
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TABLE I: The one-electron recoil contribution to the binding en-
ergy, expressed in terms of the function A(αZ) defined by equa-
tion (10). The terms AL(αZ) and AH(αZ) correspond to the low-
and higher-order contributions evaluated for extended nuclei by
Eqs. (3) and (4), respectively. The term δA
(NS,add)
L gives the addi-
tional nuclear size correction to the low-order contribution, which
is beyond that accounted for by formula (3) with the potential of
an extended nucleus. Atot(αZ) is the sum of all the contributions.
Z 〈r2〉1/2 [fm] State AL(αZ) AH(αZ) δA(NS,add)L Atot(αZ)
12 3.0570(16) 1s 0.49999 0.00079 0.00000 0.50078
2s 0.12524 0.00012 0.00000 0.12536
2p1/2 0.12524 −0.00001 0.00000 0.12523
2p3/2 0.12500 −0.00001 0.00000 0.12499
20 3.4776(19) 1s 0.49995 0.00329 0.00000 0.50325
2s 0.12567 0.00051 0.00000 0.12618
2p1/2 0.12567 −0.00002 0.00000 0.12566
2p3/2 0.12500 −0.00002 0.00000 0.12498
30 3.9283(15) 1s 0.49980 0.01031 0.00001 0.51011
2s 0.12651 0.00165 0.00000 0.12816
2p1/2 0.12653 −0.00002 0.00000 0.12652
2p3/2 0.12500 −0.00005 0.00000 0.12495
40 4.2694(10) 1s 0.49937 0.02357 0.00003 0.52297
2s 0.12770 0.00390 0.00000 0.13160
2p1/2 0.12778 0.00007 0.00000 0.12785
2p3/2 0.12500 −0.00005 0.00000 0.12495
50 4.6519(21) 1s 0.49831 0.04597 0.00011 0.54439(1)
2s 0.12922 0.00790 0.00002 0.13714
2p1/2 0.12946 0.00039 0.00000 0.12985
2p3/2 0.12500 0.00001 0.00000 0.12501
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TABLE I: (Continued.)
Z 〈r2〉1/2 [fm] State AL(αZ) AH(αZ) δA(NS,add)L Atot(αZ)
60 4.9123(25) 1s 0.49590 0.08207 0.00037 0.57834(6)
2s 0.13103 0.01470 0.00006 0.14579(1)
2p1/2 0.13162 0.00123 0.00000 0.13285
2p3/2 0.12500 0.00020 0.00000 0.12520
70 5.3108(60) 1s 0.49029 0.13979 0.00111 0.63119(32)
2s 0.13289 0.02620 0.00018 0.15927(4)
2p1/2 0.13434 0.00315 0.00001 0.13751
2p3/2 0.12500 0.00060 0.00000 0.12560
80 5.4648(33) 1s 0.4782 0.2334 0.0030 0.7147(15)
2s 0.13424 0.04606 0.00053 0.18083(18)
2p1/2 0.13767 0.00732 0.00005 0.14504
2p3/2 0.12500 0.00130 0.00000 0.12630
90 5.785(12) 1s 0.4505 0.3905 0.0081 0.8491(70)
2s 0.13323 0.08179 0.00154 0.21657(95)
2p1/2 0.14147 0.01642 0.00018 0.15807(2)
2p3/2 0.12500 0.00240 0.00000 0.12740
92 5.8571(33) 1s 0.4416 0.4336 0.0099 0.8851(97)
2s 0.1324 0.0920 0.0019 0.2263(13)
2p1/2 0.14223 0.01929 0.00024 0.16177(3)
2p3/2 0.12500 0.00269 0.00000 0.12768
100 5.857(59) 1s 0.388 0.669 0.021 1.078(36)
2s 0.1253 0.1502 0.0044 0.2800(53)
2p1/2 0.14489 0.03731 0.00071 0.18291(19)
2p3/2 0.12500 0.00404 0.00000 0.12904
12
TABLE II: The two-electron recoil contribution of zeroth order in
1/Z , expressed in terms of the function A(αZ) defined by equa-
tion (10). The frequency-dependent correction includes also the
term with two D operators in Eqs. (6) and (7).
Z State Breit at zero Freq.-depend. Total, αZ-expansion
energy transfer correction this work formula, Ref. [31]
12 (1s2p1/2)0 −0.07774 0.00000 −0.07775 −0.07775
(1s2p1/2)1 −0.02591 0.00000 −0.02592 −0.02592
(1s2p3/2)1 0.02594 0.00000 0.02594 0.02594
(1s2p3/2)2 −0.07782 0.00000 −0.07782 −0.07782
off-diag. 0.07333 0.00000 0.07334 0.07334
20 (1s2p1/2)0 −0.07720 −0.00003 −0.07722 −0.07723
(1s2p1/2)1 −0.02573 −0.00001 −0.02574 −0.02574
(1s2p3/2)1 0.02581 0.00000 0.02582 0.02582
(1s2p3/2)2 −0.07744 −0.00001 −0.07745 −0.07745
off-diag. 0.07290 0.00001 0.07291 0.07291
30 (1s2p1/2)0 −0.07605 −0.00015 −0.07620 −0.07622
(1s2p1/2)1 −0.02535 −0.00005 −0.02540 −0.02541
(1s2p3/2)1 0.02556 0.00002 0.02558 0.02557
(1s2p3/2)2 −0.07667 −0.00006 −0.07673 −0.07671
off-diag. 0.07202 0.00007 0.07209 0.07209
40 (1s2p1/2)0 −0.07423 −0.00051 −0.07474 −0.07480
(1s2p1/2)1 −0.02474 −0.00017 −0.02491 −0.02493
(1s2p3/2)1 0.02518 0.00007 0.02525 0.02522
(1s2p3/2)2 −0.07554 −0.00020 −0.07574 −0.07567
off-diag. 0.07070 0.00023 0.07094 0.07093
50 (1s2p1/2)0 −0.07151 −0.00131 −0.07282 −0.07298
(1s2p1/2)1 −0.02384 −0.00044 −0.02427 −0.02433
(1s2p3/2)1 0.02467 0.00016 0.02483 0.02478
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TABLE II: (Continued.)
Z State Breit at zero Freq.-depend. Total, αZ-expansion
energy transfer correction this work formula, Ref. [31]
(1s2p3/2)2 −0.07401 −0.00049 −0.07450 −0.07434
off-diag. 0.06886 0.00058 0.06944 0.06945
60 (1s2p1/2)0 −0.06744 −0.00295 −0.07039 −0.07076
(1s2p1/2)1 −0.02248 −0.00098 −0.02346 −0.02359
(1s2p3/2)1 0.02400 0.00034 0.02434 0.02424
(1s2p3/2)2 −0.07201 −0.00102 −0.07302 −0.07271
off-diag. 0.06635 0.00124 0.06759 0.06763
70 (1s2p1/2)0 −0.06133 −0.00604 −0.06737 −0.06813
(1s2p1/2)1 −0.02044 −0.00201 −0.02246 −0.02271
(1s2p3/2)1 0.02314 0.00063 0.02377 0.02360
(1s2p3/2)2 −0.06943 −0.00188 −0.07131 −0.07079
off-diag. 0.06295 0.00238 0.06534 0.06549
80 (1s2p1/2)0 −0.05189 −0.01175 −0.06363 −0.06510
(1s2p1/2)1 −0.01730 −0.00392 −0.02121 −0.02170
(1s2p3/2)1 0.02205 0.00107 0.02312 0.02286
(1s2p3/2)2 −0.06614 −0.00321 −0.06936 −0.06857
off-diag. 0.05835 0.00426 0.06261 0.06302
90 (1s2p1/2)0 −0.03669 −0.02229 −0.05899 −0.06167
(1s2p1/2)1 −0.01223 −0.00743 −0.01966 −0.02056
(1s2p3/2)1 0.02065 0.00172 0.02237 0.02202
(1s2p3/2)2 −0.06196 −0.00516 −0.06712 −0.06606
off-diag. 0.05199 0.00728 0.05927 0.06021
92 (1s2p1/2)0 −0.03260 −0.02533 −0.05793 −0.06093
(1s2p1/2)1 −0.01087 −0.00844 −0.01931 −0.02031
(1s2p3/2)1 0.02033 0.00188 0.02221 0.02184
(1s2p3/2)2 −0.06100 −0.00563 −0.06663 −0.06552
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TABLE II: (Continued.)
Z State Breit at zero Freq.-depend. Total, αZ-expansion
energy transfer correction this work formula, Ref. [31]
off-diag. 0.05044 0.00807 0.05851 0.05961
100 (1s2p1/2)0 −0.01065 −0.04248 −0.05312 −0.05782
(1s2p1/2)1 −0.00355 −0.01416 −0.01771 −0.01927
(1s2p3/2)1 0.01887 0.00262 0.02150 0.02108
(1s2p3/2)2 −0.05662 −0.00787 −0.06449 −0.06325
off-diag. 0.04295 0.01213 0.05508 0.05708
TABLE III: The coefficients a4 defined by Eq. (14) for the two-
electron recoil contribution to the binding energies in He-like ions
to zeroth order in 1/Z .
State Breit at zero Freq.-depend. Freq.-depend. Total
energy transfer term with one D term with two D
(1s2p1/2)0 0.07086(10) −0.00366 −0.05975 0.00746(10)
(1s2p3/2)2 0.01755(5) −0.02012(1) −0.00762 −0.01019(5)
off-diagonal −0.03019(7) 0.01121(1) 0.02012(1) 0.00113(6)
TABLE IV: The recoil contribution of first order in 1/Z , expressed
in terms of the function B(αZ) defined by equation (16).
Z State Relativistic Nonrelativistic Difference
12 (1s)2 −0.4967 −0.4917 −0.0050
(1s2s)0 −0.2211 −0.2194 −0.0017
(1s2s)1 −0.1776 −0.1770 −0.0006
(1s2p1/2)0 −0.0843 −0.0826 −0.0017
(1s2p1/2)1 −0.1966 −0.1958 −0.0008
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TABLE IV: (Continued.)
Z State Relativistic Nonrelativistic Difference
(1s2p3/2)1 −0.3092 −0.3090 −0.0002
(1s2p3/2)2 −0.0828 −0.0826 −0.0002
off-diag. −0.1597 −0.1601 0.0004
20 (1s)2 −0.5055 −0.4917 −0.0138
(1s2s)0 −0.2237 −0.2194 −0.0043
(1s2s)1 −0.1787 −0.1770 −0.0017
(1s2p1/2)0 −0.0874 −0.0826 −0.0048
(1s2p1/2)1 −0.1980 −0.1958 −0.0022
(1s2p3/2)1 −0.3095 −0.3090 −0.0005
(1s2p3/2)2 −0.0831 −0.0826 −0.0006
off-diag. −0.1589 −0.1601 0.0012
30 (1s)2 −0.5230 −0.4917 −0.0313
(1s2s)0 −0.2289 −0.2194 −0.0096
(1s2s)1 −0.1808 −0.1770 −0.0038
(1s2p1/2)0 −0.0940 −0.0826 −0.0115
(1s2p1/2)1 −0.2010 −0.1958 −0.0052
(1s2p3/2)1 −0.3102 −0.3090 −0.0012
(1s2p3/2)2 −0.0839 −0.0826 −0.0013
off-diag. −0.1574 −0.1601 0.0028
40 (1s)2 −0.5478 −0.4917 −0.0561
(1s2s)0 −0.2369 −0.2194 −0.0175
(1s2s)1 −0.1839 −0.1770 −0.0069
(1s2p1/2)0 −0.1046 −0.0826 −0.0220
(1s2p1/2)1 −0.2056 −0.1958 −0.0098
(1s2p3/2)1 −0.3112 −0.3090 −0.0022
(1s2p3/2)2 −0.0850 −0.0826 −0.0025
off-diag. −0.1550 −0.1601 0.0052
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TABLE IV: (Continued.)
Z State Relativistic Nonrelativistic Difference
50 (1s)2 −0.5798 −0.4917 −0.0881
(1s2s)0 −0.2479 −0.2194 −0.0286
(1s2s)1 −0.1880 −0.1770 −0.0110
(1s2p1/2)0 −0.1207 −0.0826 −0.0382
(1s2p1/2)1 −0.2124 −0.1958 −0.0166
(1s2p3/2)1 −0.3127 −0.3090 −0.0037
(1s2p3/2)2 −0.0867 −0.0826 −0.0041
off-diag. −0.1515 −0.1601 0.0086
60 (1s)2 −0.6187 −0.4917 −0.1270
(1s2s)0 −0.2628 −0.2194 −0.0434
(1s2s)1 −0.1930 −0.1770 −0.0160
(1s2p1/2)0 −0.1451 −0.0826 −0.0625
(1s2p1/2)1 −0.2222 −0.1958 −0.0264
(1s2p3/2)1 −0.3146 −0.3090 −0.0056
(1s2p3/2)2 −0.0890 −0.0826 −0.0064
off-diag. −0.1465 −0.1601 0.0136
70 (1s)2 −0.6618 −0.4917 −0.1701
(1s2s)0 −0.2819 −0.2194 −0.0625
(1s2s)1 −0.1986 −0.1770 −0.0216
(1s2p1/2)0 −0.1822 −0.0826 −0.0996
(1s2p1/2)1 −0.2365 −0.1958 −0.0407
(1s2p3/2)1 −0.3170 −0.3090 −0.0080
(1s2p3/2)2 −0.0920 −0.0826 −0.0095
off-diag. −0.1395 −0.1601 0.0206
80 (1s)2 −0.7030 −0.4917 −0.2113
(1s2s)0 −0.3049 −0.2194 −0.0855
(1s2s)1 −0.2040 −0.1770 −0.0270
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TABLE IV: (Continued.)
Z State Relativistic Nonrelativistic Difference
(1s2p1/2)0 −0.2400 −0.0826 −0.1575
(1s2p1/2)1 −0.2573 −0.1958 −0.0615
(1s2p3/2)1 −0.3200 −0.3090 −0.0110
(1s2p3/2)2 −0.0961 −0.0826 −0.0135
off-diag. −0.1295 −0.1601 0.0307
90 (1s)2 −0.7196 −0.4917 −0.2279
(1s2s)0 −0.3264 −0.2194 −0.1070
(1s2s)1 −0.2056 −0.1770 −0.0286
(1s2p1/2)0 −0.3324 −0.0826 −0.2498
(1s2p1/2)1 −0.2873 −0.1958 −0.0915
(1s2p3/2)1 −0.3235 −0.3090 −0.0145
(1s2p3/2)2 −0.1010 −0.0826 −0.0185
off-diag. −0.1146 −0.1601 0.0455
92 (1s)2 −0.7158 −0.4917 −0.2242
(1s2s)0 −0.3292 −0.2194 −0.1099
(1s2s)1 −0.2048 −0.1770 −0.0278
(1s2p1/2)0 −0.3569 −0.0826 −0.2743
(1s2p1/2)1 −0.2946 −0.1958 −0.0988
(1s2p3/2)1 −0.3242 −0.3090 −0.0152
(1s2p3/2)2 −0.1021 −0.0826 −0.0196
off-diag. −0.1109 −0.1601 0.0492
100 (1s)2 −0.6556 −0.4917 −0.1639
(1s2s)0 −0.3277 −0.2194 −0.1083
(1s2s)1 −0.1943 −0.1770 −0.0173
(1s2p1/2)0 −0.4850 −0.0826 −0.4024
(1s2p1/2)1 −0.3286 −0.1958 −0.1329
(1s2p3/2)1 −0.3275 −0.3090 −0.0185
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TABLE IV: (Continued.)
Z State Relativistic Nonrelativistic Difference
(1s2p3/2)2 −0.1069 −0.0826 −0.0244
off-diag. −0.0919 −0.1601 0.0682
TABLE V: The recoil contributions to the binding and ionization
energies in highly charged He-like ions, in eV.
Z State Non-QED QED Total energy, Ionization energy, Ionization energy,
this work this work Ref. [9]
12 (1s)2 0.0860 0.0001 0.0861 0.0412 0.0412
(1s2s)0 0.0545 0.0001 0.0545 0.0096 0.0096
(1s2s)1 0.0547 0.0001 0.0548 0.0099 0.0099
(1s2p1/2)0 0.0485 0.0001 0.0486 0.0037 0.0037
(1s2p1/2)1 0.0523 0.0001 0.0524 0.0075 0.0075
(1s2p3/2)1 0.0561 0.0001 0.0562 0.0113 0.0113
(1s2p3/2)2 0.0485 0.0001 0.0485 0.0036 0.0036
off-diag. 0.0054 0.0000 0.0054 0.0054 0.0054
20 (1s)2 0.1457 0.0010 0.1467(1) 0.0715 0.0715
(1s2s)0 0.0919 0.0006 0.0924 0.0172 0.0172
(1s2s)1 0.0922 0.0006 0.0927 0.0175 0.0175
(1s2p1/2)0 0.0813 0.0005 0.0818 0.0066 0.0066
(1s2p1/2)1 0.0882 0.0005 0.0887 0.0135 0.0135
(1s2p3/2)1 0.0950 0.0005 0.0955 0.0203 0.0203
(1s2p3/2)2 0.0812 0.0005 0.0817 0.0065 0.0065
off-diag. 0.0097 0.0000 0.0097 0.0097 0.0097
30 (1s)2 0.2065 0.0043 0.2108(2) 0.1036(1) 0.1036
(1s2s)0 0.1301 0.0025 0.1326(1) 0.0254 0.0254
(1s2s)1 0.1304 0.0025 0.1329(1) 0.0257 0.0257
(1s2p1/2)0 0.1150 0.0022 0.1172(1) 0.0099 0.0099
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TABLE V: (Continued.)
Z State Non-QED QED Total energy, Ionization energy, Ionization energy,
this work this work Ref. [9]
(1s2p1/2)1 0.1249 0.0022 0.1271(1) 0.0199 0.0199
(1s2p3/2)1 0.1346 0.0022 0.1367(1) 0.0295 0.0295
(1s2p3/2)2 0.1146 0.0022 0.1168(1) 0.0096 0.0096
off-diag. 0.0141 0.0000 0.0141 0.0141 0.0140
40 (1s)2 0.2618 0.0125 0.2743(3) 0.1353(2) 0.1354
(1s2s)0 0.1651 0.0073 0.1724(2) 0.0334 0.0334
(1s2s)1 0.1654 0.0073 0.1727(2) 0.0338 0.0338
(1s2p1/2)0 0.1461 0.0063 0.1524(2) 0.0134 0.0134
(1s2p1/2)1 0.1587 0.0063 0.1650(2) 0.0260 0.0260
(1s2p3/2)1 0.1706 0.0062 0.1768(2) 0.0379 0.0378
(1s2p3/2)2 0.1452 0.0062 0.1515(2) 0.0125 0.0125
off-diag. 0.0178 0.0000 0.0178 0.0178 0.0178
50 (1s)2 0.3067 0.0286 0.3354(6) 0.1659(3) 0.1659
(1s2s)0 0.1939 0.0168 0.2106(3) 0.0412(1) 0.0412
(1s2s)1 0.1942 0.0168 0.2110(3) 0.0415(1) 0.0415
(1s2p1/2)0 0.1721 0.0144 0.1865(3) 0.0170(1) 0.0170
(1s2p1/2)1 0.1866 0.0144 0.2010(3) 0.0316 0.0315
(1s2p3/2)1 0.1999 0.0143 0.2142(3) 0.0447 0.0447
(1s2p3/2)2 0.1704 0.0143 0.1847(3) 0.0152 0.0152
off-diag. 0.0207 0.0000 0.0207 0.0207 0.0206
60 (1s)2 0.3721 0.0622 0.4342(11) 0.2152(6) 0.2152
(1s2s)0 0.2360 0.0367 0.2726(6) 0.0536(2) 0.0537
(1s2s)1 0.2364 0.0367 0.2731(6) 0.0540(1) 0.0541
(1s2p1/2)0 0.2103 0.0316 0.2418(6) 0.0228(2) 0.0227
(1s2p1/2)1 0.2276 0.0316 0.2591(5) 0.0400(1) 0.0400
(1s2p3/2)1 0.2426 0.0312 0.2737(5) 0.0547 0.0546
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TABLE V: (Continued.)
Z State Non-QED QED Total energy, Ionization energy, Ionization energy,
this work this work Ref. [9]
(1s2p3/2)2 0.2071 0.0312 0.2383(5) 0.0192 0.0193
off-diag. 0.0247 0.0000 0.0247 0.0247 0.0246
70 (1s)2 0.4094 0.1176 0.5270(18) 0.2615(10) 0.2612
(1s2s)0 0.2610 0.0698 0.3308(10) 0.0653(2) 0.0658
(1s2s)1 0.2615 0.0698 0.3313(10) 0.0658(2) 0.0662
(1s2p1/2)0 0.2338 0.0601 0.2939(9) 0.0284(3) 0.0283
(1s2p1/2)1 0.2523 0.0601 0.3125(9) 0.0470(1) 0.0469
(1s2p3/2)1 0.2674 0.0590 0.3264(9) 0.0609 0.0608
(1s2p3/2)2 0.2287 0.0590 0.2878(9) 0.0223 0.0225
off-diag. 0.0266 0.0000 0.0266(1) 0.0266(1) 0.0266
80 (1s)2 0.4513 0.2209 0.6721(32) 0.3340(17) 0.3326
(1s2s)0 0.2897 0.1322 0.4219(19) 0.0838(4) 0.0853
(1s2s)1 0.2903 0.1322 0.4225(18) 0.0844(3) 0.0858
(1s2p1/2)0 0.2613 0.1139 0.3752(17) 0.0371(5) 0.0369
(1s2p1/2)1 0.2813 0.1139 0.3952(16) 0.0571(2) 0.0570
(1s2p3/2)1 0.2959 0.1110 0.4069(16) 0.0688 0.0686
(1s2p3/2)2 0.2535 0.1110 0.3645(16) 0.0264 0.0267
off-diag. 0.0289 0.0000 0.0289(1) 0.0289(1) 0.0289
90 (1s)2 0.4739 0.4071 0.8810(87) 0.4384(44) 0.4338
(1s2s)0 0.3074 0.2462 0.5536(50) 0.1110(8) 0.1168
(1s2s)1 0.3081 0.2462 0.5542(50) 0.1117(7) 0.1174
(1s2p1/2)0 0.2802 0.2121 0.4923(45) 0.0497(10) 0.0496
(1s2p1/2)1 0.3009 0.2121 0.5130(44) 0.0705(4) 0.0707
(1s2p3/2)1 0.3140 0.2048 0.5188(43) 0.0762(1) 0.0759
(1s2p3/2)2 0.2686 0.2048 0.4734(43) 0.0308(1) 0.0314
off-diag. 0.0302 0.0000 0.0302(2) 0.0302(2) 0.0305
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TABLE V: (Continued.)
Z State Non-QED QED Total energy, Ionization energy, Ionization energy,
this work this work Ref. [9]
92 (1s)2 0.4752 0.4604 0.936(11) 0.4657(58) 0.4600
(1s2s)0 0.3091 0.2790 0.5881(66) 0.1183(10) 0.1260
(1s2s)1 0.3098 0.2790 0.5888(66) 0.1190(9) 0.1266
(1s2p1/2)0 0.2825 0.2404 0.5229(59) 0.0531(11) 0.0531
(1s2p1/2)1 0.3033 0.2404 0.5438(58) 0.0739(4) 0.0743
(1s2p3/2)1 0.3159 0.2316 0.5476(57) 0.0777(1) 0.0774
(1s2p3/2)2 0.2701 0.2316 0.5017(57) 0.0318(1) 0.0324
off-diag. 0.0304 0.0000 0.0304(2) 0.0304(2) 0.0308
100 (1s)2 0.4793 0.7892 1.268(43) 0.632(22) 0.6180
(1s2s)0 0.3162 0.4832 0.799(25) 0.1633(33) 0.1895
(1s2s)1 0.3170 0.4832 0.800(25) 0.1640(32) 0.1902
(1s2p1/2)0 0.2933 0.4166 0.710(22) 0.0737(17) 0.0759
(1s2p1/2)1 0.3151 0.4166 0.732(22) 0.0955(6) 0.0984
(1s2p3/2)1 0.3261 0.3970 0.723(22) 0.0869(1) 0.0866
(1s2p3/2)2 0.2766 0.3970 0.674(22) 0.0375(1) 0.0382
off-diag. 0.0320 0.0000 0.0320(3) 0.0320(3) 0.0328
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